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Abstract

A quasi-linearization procedure is developed for non-linear systems under both additive and
multiplicative white-noise excitations to obtain response statistical properties, including moments,
correlation functions, and spectral densities. In the proposed procedure, only the system properties are
linearized, while all excitations are kept unchanged. In particular, the basic characteristics associated with
the multiplicative excitations are preserved, which is the key factor for the accuracy of the approach.
Numerical examples are given, and the accuracy of the procedure is substantiated by comparing the
analytical results with those obtained from Monte Carlo simulations.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Many engineering systems are excited by dynamic loads, which can best be modelled as random
processes, for example, a building under earthquake or wind forces, a ship subjected to sea wave
forces, etc. The response of such a system, in terms of displacement, velocity, stress, or strain, is
also a random process. To design or maintain such a system requires the knowledge of the system
response in terms of statistical properties, including for example, mean values, mean-square
values, correlation functions, and spectral densities. The mean and mean-square value of a
random process reflect its average properties at one time instant, whereas the correlation function
describes its average relationship at two time instants. The spectral density, which exists when the
random process is weakly stationary, gives the energy distribution in the frequency domain. For
non-linear systems under only additive random excitations, various solution techniques have been
developed for obtaining the response statistical moments, among which the equivalent
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linearization method [1-3] is the most popular. Approximate methods have been developed
[4-14] to obtain the spectral density of the response for cases of strong non-linearity, for which
the linearization technique may not be applicable. The problem becomes more complicated
when multiplicative excitations are present. Krenk et al. [15] applied the stochastic averaging
method to obtain the response spectral density on the condition of a certain energy level, and then
averaged it over the entire energy range. The method is applicable only to single-degree-of-
freedom systems.

Realizing that the multiplicative excitation plays a crucial role in affecting the characteristics of
the system response, its retention is important in an approximation procedure. Thus, a quasi-
linearization procedure is proposed herein on this basis. In particular, non-linear damping and
stiffness forces in the original system are replaced by the equivalent linear ones while excitation
terms are kept unchanged. The replacement system is quasi-linear since multiplicative excitations
are still present. The statistical moments can be solved exactly for the replacing quasi-linear
system. For obtaining the correlation functions and the spectral densities, solution procedures are
developed using the Ito differential rule [16] and an integral transformation. The quasi-
linearization approach is applicable to multi-degree-of-freedom non-linear systems. Numerical
examples show that the procedure yields quite accurate results in comparison with those obtained
from Monte Carlo simulation, even for the case of strong non-linearity.

2. Analysis

Consider a stochastically excited system governed by the equations
n

Vit O, Y) =D [ai Yin(0) + b Yy (0] + &) (= 1,2, ....m), (1)

i=1

where (Y, Y) include both damping and stiffness forces, and #;(¢),7,(¢) and ¢j(1) are Gaussian
white noises. As indicated in Eq. (1), the multiplicative excitations appear in the linear terms. For
simplicity, it is assumed that the additive excitations ;(7) are not correlated with the multiplicative
excitations #,(f) and 7;(¢). The first step in the quasi-linearization procedure is to replace the
damping and stiffness forces in system (1) by linear forces, namely,

Vit D @it Bi¥) =Y [ Ym0+ b Y0 + &) (= 1,2, ...,m). )
i=1 i=1

The system described by Eq. (2) is said to be quasi-linear since the principle of superposition is not
applicable due to the presence of the multiplicative excitations. Letting Y; = X; and Y; = Xj,,, a
set of Ito stochastic differential equations [17] is derived from Eq. (2) as follows:
2n
dX; = Xjidr, dXp, =Y CiXidi+0(X)dBy(1) (j=1,2,....n), 3)
i—1
where B;(¢) are independent unit Wiener processes, and C;; and ¢;(X) can be derived from Eq. (2)

by incorporating the Wong—Zakai correction terms, which are linear in the present case (see e.g.,
Ref. [3]).
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The equivalent linear coefficients a; and f; in Eq. (2) are chosen to minimize the following
mean-square differences:
2

ES (Y, Y) =) (:Yi+ B Yi) (j=12,....n), 4)
i-1
which leads to
a/
E[XX'] p = E[Xh], (5)
where a prime denotes a matrix transposition, X = {X1 X>... ... Xon}', o0 =[o], p= [;], and h =

{hihy...... h,} . The terms in E[XX'] on the left-hand-side of Eq. (5) are the second order moments
of the state variables. Assuming that functions /4;(Y, Y) are polynomials of Y; and Yj, which is true
for many practical problems, the terms in E[Xh'] on the right-hand-side of Eq. (5) are moments of
the state variables. If these moments can be calculated for the replacing system (2), then the
unknown linear coefficients a;; and f; can be solved from Eq. (5) by iteration. '

Denote the kth order moments of the state variables by m;;, ; = E[X{'X3...X}"], where
i1, b, ..., Iy are non-negative integers and i; + i, + --- + i, = k. Using the Ito stochastic differential
rule [16], a set of ordinary differential equations for the kth order moments m;;, ; can be
obtained from Eq. (3). These equations are closed for a quasi-linear system; namely, they contain
moments only up to the kth order. These moment equations can be solved exactly and
sequentially from lower to higher orders. Linear ordinary differential equations with constant
coefficients are required to be solved for moments in the transient non-stationary state. For
stationary moments, only linear algebraic equations need to be solved. Since the statistical
moments can be solved exactly for the replacement quasi-linear system (2), the equivalent
linearization coefficients o; and ; can be calculated iteratively from the moment equations and
Eq. (5). Therefore, an assumption for the response probability distribution is avoided.

It is known that, for a quasi-linear system, the stationary moments exist only under certain
conditions and that more restrictive conditions are required for higher order moments. However,
if the original non-linear system is stable in moments of a certain order, the equivalent quasi-linear
system is expected to be also stable in moments of the same order. This is inferred purely from the
physics point of view and no rigorous proof could be made.

To obtain the correlation functions for the quasi-linear system (2), multiply X(z — 1) on both
sides of Eq. (3) and take the assembled average. We obtain a set of equations for the correlation
functions R;i(t) = E[Xi()X;(t — 7)] as follows:

dRy(x) ARy i) &
dc - j+n,k(r): dt - ; C}lle(T)
(Gj=L2,....mk=1,2,...,2n). (6)

Equation set (6) can be solved with initial conditions R;;(0) = E[X;X;], which have been obtained
from the second order moment equations.

The spectral density @;;(w) can be obtained as the Fourier transform of the correlation function
Rji(7). However, it may be obtained without first solving R;;(t). A direct procedure to obtain the
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spectral densities is given below. Define the integral transformation
i} N 1 [ o
@U((D) = ;S[R!'/'(’L')] = ; / R,_-,-(r)e ‘T dr. (7)
0

It can be shown that

dR; o |
3[ dfr(f)] = i0®;(w) - —E[XX)] (8)

Using Egs. (7) and (8), Eq. (6) can be transformed to

. x 1 b

i0@)() — —E[X;Xi] = &j04(0),

o 1 2n _ )

1P i (w) — EE[XijXk] = Z CiPu(w) (j=1,2,....,mk=12,...,2n). ©)
Py

The set of ®;i(w) can be solved from Eq. (9). The spectral density functions are then obtained
from

D) = Re[Pi(w)], Py(w) = Py(w) + D (w))], (10)

where an asterisk denotes the complex conjugate. It is noticed that Eq. (9) is a set of complex
linear algebraic equations, and analytical solutions can be obtained for low-dimensional systems.
For high-dimensional cases, analytical solutions may be tedious, but numerical solutions can be
carried out quite simply.

The correlation functions and spectral densities obtained for the replacing quasi-linear system
(2) are approximations for the original non-linear system (1). The preservation of the
multiplicative excitations in the quasi-linear system is a crucial feature of the present
approximation procedure.

3. Examples
3.1. A single-degree-of-freedom system with non-linear damping and stiffness

Consider first a single-degree-of-freedom system with cubic non-linearity in both the damping
and stiffness forces, namely,

V42 Y+ AV + QY +6Y° = Yi(t) + Yy(0) + &(0). (11)

The spectral densities of the Gaussian white noises 7(?),7(?), and &(¢) are K,,, K,,, and K¢,
respectively, and it is assumed for convenience that the three excitations are uncorrelated with
each other. The non-linear system (11) can be replaced by an equivalent quasi-linear system as
follows:

V4 20Y + QY = Yt) + Yy(t) + &), (12)
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where o« and Q are two equivalent linearization coefficients. Letting X; = Y and X, = Y, a set of
Ito stochastic equations are derived from Eq. (12) as follows:

dX; = X, dy,
dX; = (—20X; + 1K, X2 — @ X1) dt + [21(K,, X7 + Ky X7 + K:2)]'/? dB(2), (13)

where B(?) is a unit Wiener process. Using the Ito stochastic differential rule [16], equations for the
second order moments are obtained as follows:

dmyg
=2
dz mii,
dm
dlll = Mgy — Q2m20 — (20( — TCKM)I’I’ZH,
d}’}’l()z N >
T = =2Qmy; — 2o — 7[[(,7,7)17102 + 27I(K/VMQ0 + KMWI()Q + Kgg). (14)

The stationary solutions of Egs. (14) are

TEK& £

= . mp = QPmyy, my; = 0. 15
2Qz(oc—nKm,)—nK,«, 02 20 11 (15)

npo

The validity of Eqgs. (15) requires
o> 1Ky, 2Q%o — nK,y) > 1Ky, (16)

which are the stability conditions for the second order moments of the quasi-linear system (12).
However, if both the non-linear coefficients A and ¢ in the original system (11) are positive, system
(11) is stable in moments of any orders. In this case, the quasi-linear system (12) is also stable and
conditions in Egs. (16) are expected to be satisfied.

By using the same procedure, some of the fourth order stationary moments are obtained as
follows:

3nK:e
myy = %M[ZQZ + 3(0( - 273[(1111)(2“ - 375[(’1’1)] ’
3nK:: Q2
Moy = n%mzo{ﬂf + 320t — 3nKyy) [92(“ — 1K) — 7K}, (17

where
A = QYo — TnKyy,) + 6Q% (o« — 1K,y (o — 2nK;y,)(20 — 37K,y,)
— 31K, [Q* + 3(x — 21K;y,) (20 — 3nK,y)]. (18)

7Y

Similar to the case of the second order moments, certain conditions must be satisfied for
Eqgs. (17) to be valid. These conditions will be met if A and ¢ in the original non-linear system are
positive.
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The two linearization coefficients can be expressed according to Eq. (5) as

Aoy omyg

. QP = )
2moy 1t myo

(19)

o =0 +

Egs. (15), (17) and (19) can be solved iteratively for « and Q, as well as the second and fourth
order moments.
The equations for the correlation functions Ryi(t) and R;(t) are obtained from Egs. (6) as

dRyi(7)

dRy (T
— Ru@). 2O 2R 1) - 2 2Ky R0 (20)
dr dr
With the initial conditions R;1(0) = my and Ry1(0) = my; = 0, we obtain
Ri1(t) = myg exp[— (o — 1Ky, /2)7] COS\/Q2 — (. — nK,m/2)2r. (21

Ry (7) is then obtained from the first equation of (20), and R;»>(t) and R (7) can be determined
similarly.
For the present example, Eqs. (9) are, specifically,

o _ 1
10P1(w) — Pr(w) = o,

Q@ ®) () + 2 — 1K,y — i) (w) = 0,
ia)@lz(a)) — @22(0)) = 0,

- ) - 1

Q*py(w) + (i + 200 — 1K) P () = — . (22)

Spectral density functions can then be solved from Egs. (22) as follows:

m

D11(w) = MIII Q*(20 — nKy,), Pn(w) = W’ dyy,

Pio(o) = —HQHQ* — o), (23)
Ay
where

Ay = (@ — ) + 0’ Qo — 1K, (24)

The stationary moments of Egs. (15) and (17), the correlation function of Eq. (21), and the
spectral densities of Egs. (23) are exact for the equivalent quasi-linear system (12); they are
approximate solutions for the original non-linear system (11).

Numerical calculations are carried out for system (11) with «; = 0.4, Q; = 6, and two different
sets of non-linear coefficients 4 and ¢. One set of 4 = 0.1 and § = 5 corresponds to a weak non-
linearity, while another of A = 1 and 6 = 50 represents a quite strong non-linearity. The spectral
densities of the multiplicative excitations are K, = 0.5, K;;, = 0.05, respectively. Fig. 1 shows the
stationary mean-square values of Y against the spectral density K:: of the additive excitation,
calculated from the present quasi-linearization procedure. The spectral densities of Y for the
system with an additive excitation level Kz = 1 are depicted in Fig. 2 for the two different cases of
non-linearity. Also depicted in the figures are results obtained from Monte Carlo simulation. It is
seen that the results calculated by using the proposed procedure agree quite well with those
obtained from Monte Carlo simulation.
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Fig. 1. Stationary mean-square values of response Y for system (11): —, analytical results, A =0.1, 6 =5; O,
simulation results, A = 0.1, 6 = 5; - - - -, analytical results, 2 = 1, 6 = 50; o, simulation results, A = 1, 6 = 50.

10°

®1y(w)

10

o
o

10 15
w

Fig. 2. Spectral densities of response Y for system (11) with Kz = 1: —, analytical results, 2=0.1, 6 =5; O,
simulation results, A = 0.1, 6 = 5; - - - -, analytical results, A = 1, 6 = 50; o, simulation results, A =1, 6 = 50.

3.2. A two-degree-of-freedom non-linear system with coupled multiplicative excitations

The second example is a two-degree-of-freedom system:

Y] + 2o Yl + J,Y? + a)% Y| = w1m Yon(t) + E(¢),
Vs + 26,0, Ya + 03 Y = @y, Y(1), (25)
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where #7(¢f) and &(¢) are independent Gaussian white noises. These equations describe the
fundamental modes of the transverse deflection and the angle of twist for a simply supported
beam of narrow rectangular cross-section subjected to randomly varying transverse force and
end moments, and undergoing bending and torsion [18,3]. The damping force for the bending
motion Y; is assumed to be non-linear. Applying the quasi-linearization procedure, Egs. (25) are
replaced by

Y1+ 20101 Y1 + o Y1 = w10, Yan(e) + &),
Y2+ 26,00 Vo + 03 Yo = w10, Yi(0). (26)

Letting X, = Y1, Xo = Y5, X3 = Y|, X4 = Y», and Mijk) = E[XfXéXé“Xi], we obtain the second
order moments for system (25) as

m = 2ng2K€é m = Q)zm
2000 = — ., Moo = 7112000,
wi(4¢16 — M1 K
>
nw: K,
1Ky 2
Mo200 = o Moo,  Mo002 = W5M10200- (27)
202

The other second moments are zero. The validity of Egs. (27) requires

4cic > MoK, (28)
which is assumed to be satisfied.

The analytical expressions for the fourth order moments can also be obtained exactly, but
rather tediously. However, their numerical solutions are quite simple if it is assumed that the
stability conditions for the fourth order moments are met. The damping coefficient in the
linearized equation for the bending mode Y is then

A
o = L3 n 10040 (29)
w1 2w1mpo20

which can be determined by iteration. The spectral densities of Y} and Y, are obtained as

26,w3mo200
5 .
(@3 — w2 + 4ciwin?]

26103 ma000
2 bl
n[(w% — w?)” + 4g%w%wz]

D1(w) = Py (w) = (30)

It is noted that each spectral density in Egs. (30) has the same form of a single-degree-of-freedom
linear system. The coupling effects between the two modes are accounted for in the linearization
coefficient ¢; and the second order moments 11099 and 1.

Fig. 3 shows the stationary mean-square values of the bending mode Y; with a varying K¢ for
system (25) with the parameters w; =6, w, =20, « =0.6, {;, =0.1, K,, =0.004, and two
different values of non-linear coefficient 4 = 0.1 and 1. Fig. 4 depicts the spectral densities of Y;
calculated for the same system with Kz = 1. Results obtained from Monte Carlo simulation are
shown also in these figures to substantiate the accuracy of the analytical solutions.
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Fig. 3. Stationary mean-square values of response Y; for system (25): —, analytical results, 2 = 0.1; [, simulation
results, A = 0.1; - - - -, analytical results, A = 1; o, simulation results, 4 = 1.
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Fig. 4. Spectral densities of response Y; for system (25) with K¢z = 1: —, analytical results, 2 = 0.1; O, simulation
results, 4 = 0.1; - - - -, analytical results, A = 1; o, simulation results, A = 1.

3.3. A two-degree-of-freedom non-linear system with coupled damping and stiffness

The third example is also a two-degree-of-freedom system with coupled damping and stiffness
governed by

m ¥+ e Vi +k Y+ (Y — V) + k(Y — Ya) + (Y1 — Ya)’ = YiWi(0) + Wa(0),
my Vs + ex(Ya — Y1) + ka(Ya — Y1)+ Bi(Y2 — Y1)’ =0, (31)
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where Wi (¢) and W,(r) are two independent Gaussian white noises. Egs. (31) can be used to
describe a primary—secondary system with linear coupling in damping and non-linear coupling in
stiffness, and the primary system is subjected to both additive and multiplicative excitations. By
denoting

_mop ko a ke o
p mla 1 ml) 1 2m1w17 2 mz) 52 2m2(,{)2’
1410 W(1)
p=Lr iy =00 gy 2 P20 (32)
my mq m

Egs. (31) are transformed to
Vi 4+ 20101 Y1 + 0 Y1 + 2p505(Y) — Ya) + pa(Y) — Ya) + pB(Y1 — Ya)’ = Yin(d) + &),
V2 + 2002(Y2 — Y1) + w3(Y2 — Y1)+ (Y2 — Y1)’ = 0. (33)

It is clear in Egs. (32) that p is the mass ratio of the secondary and primary systems. Letting
X1 =Y,X, =Y, X5 =Y, X, = Y>, the Ito equations for the equivalent quasi-linear are

dX; = X5ds,
dX; = (—611X3 —cnXa — ki Xy — k]zXz) dr + \/27'EK,7,7X1 dBn(l‘) + v/ 27'CK55 dBCj(l),
dX, = X, ds,
dX4 = (—621X3 — 622X4 — k21X1 — kszz) dl, (34)
where K, and K¢ are spectral densities of n(#) and £(7), respectively, B,(f) and Be(t) are two
independent unit Wiener processes, ¢j; = 2¢;w1 + 2062w, €12 = —2pCrm2, €1 = —2Cw7, € =
2¢,m,, and
m —3m + 3m —m
ki = w% I pw% + B 4000 3100 2200 1300’
12000
ki» = —pe? + pp ms3100 — 3M2200 + 3mM1300 — iy
10200
m —3m + 3m —m
kyy = —w% + B 1300 2200 3100 4000’

n2000
Maoo0 — 3M1300 + 3M2200 — M3100

k22 = (D% + ﬁ (35)

mM0200

Thus, the linearization coefficients k; in Eqgs. (35), the stationary moments, the correlation
functions, as well as the spectral densities can be solved using the proposed procedure.

Numerical calculations were carried out for system (31) with the parameters w; = 3, w, =
6, ¢; =¢ =0.05 p=0.5. Fig. 5 shows the mean-square values of Y; with respect to a varying
spectral density K, of the multiplicative excitation. The mass ratio p = 0.1, and the spectral
density K¢ of the additive excitation takes two different values of 0.5 and 1, respectively. It is seen
that the spectral densities of both the additive and multiplicative excitations play important roles.
The mean-square values of Y are also depicted in Fig. 6 for K¢z = 1 and two different mass ratios
p = 0.1 and 0.5, respectively. Fig. 6 shows that the mass ratio has a moderate influence on the
mean-square value of the primary system motion Y. Fig. 7 shows the spectral density functions of
the response Y; for cases of K, = 0.2, Kz = 1, and two different mass ratios p = 0.05 and 0.5,
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Fig. 5. Stationary mean-square values of response Y; for system (31) with p = 0.1: —, analytical results, Kzz = 1; O,
simulation results, Kz = 1; - - - -, analytical results, Kz = 0.5; o, simulation results, Kz = 0.5.
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Fig. 6. Stationary mean-square values of response Y; for system (31) with Kz = 1: —, analytical results, p = 0.1; O,
simulation results, p = 0.1; - - - -, analytical results, p = 0.5; o, simulation results, p = 0.5.

respectively. The larger the mass ratio p is, the more significant effect the secondary system has on
the frequency distribution of the primary system motion Y;. Figs. 5-7 indicate a rather high
accuracy of the proposed quasi-linearization procedure when comparing the analytical results
with those from Monte Carlo simulations.

4. Concluding remarks

It is shown that the statistical moments, correlation functions, and spectral densities of
responses can be obtained exactly for a quasi-linear system under Gaussian white-noise
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Fig. 7. Spectral densities of response Y; for system (31) with K,,, = 0.2 and K¢ = 1: —, analytical results, p = 0.05; O,
simulation results, p = 0.05; - - - -, analytical results, p = 0.5; o, simulation results, p = 0.5.

excitations. Taking advantage of this result, a quasi-linearization procedure is proposed to replace
a non-linear system excited by both additive and multiplicative excitations by an equivalent quasi-
linear one, and then solve it for the approximate statistical properties of the original non-linear
system. Since only linear algebraic equations need to be solved for both the stationary moments
and the spectral density functions, the approach is feasible for multi-degree-of-freedom systems.
One important feature of the procedure is the preservation of the multiplicative excitations in the
linearized equations, which accounts for its accuracy as compared with results from Monte Carlo
simulation.

Acknowledgements

The work reported in this paper is supported by the National Science Foundation under Grant
CMS-0115761. Opinions, findings, and conclusions or recommendations expressed are those of
the writer, and do not necessarily reflect the view of the NSF.

References

[1] J.B. Roberts, P.D. Spans, Random Vibration and Statistical Linearization, Wiley, New York, 1990.

[2] T.T. Soong, M. Grigoriu, Random Vibration of Mechanical and Structural Systems, Prentice Hall, Englewood
Cliffs, NJ, 1993.

[3] Y.K. Lin, G.Q. Cai, Probabilistic Structural Dynamics, Advanced Theory and Applications, McGraw-Hill, New
York, 1995.

[4] R.N. Miles, An approximate solution for the spectral response of Duffing’s oscillator with random input, Journal
of Sound and Vibration 132 (1989) 43-49.



G.Q. Cai | Journal of Sound and Vibration 278 (2004) 889-901 901

[5] R.N. Miles, Spectral response of a bilinear oscillator, Journal of Sound and Vibration 163 (1993) 319-326.

[6] R. Bouc, The power spectral density of response for a strongly non-linear random oscillator, Journal of Sound and
Vibration 175 (1994) 317-331.

[71 C. Soize, Stochastic linearization method with random parameters for SDOF nonlinear dynamical systems:
prediction and identification procedure, Probabilistic Engineering Mechanics 10 (1995) 143-152.

[8] S. Bellizzi, R. Bouc, Spectral response of asymmetrical random oscillators, Probabilistic Engineering Mechanics 11
(1996) 51-59.

[9] S. Bellizzi, R. Bouc, Analysis of multi-degree of freedom strongly non-linear mechanical systems with random
input, Probabilistic Engineering Mechanics 14 (1999) 229-256.

[10] P.D. Spanos, M.G. Donley, Equivalent statistical quadratization for nonlinear systems, Journal of Engineering
Mechanics 117 (1991) 1289-1310.

[11] R.V. Roy, P.D. Spanos, Power spectral density of nonlinear system response: the recursive method, Journal of
Applied Mechanics 60 (1993) 358-365.

[12] M.A. Tognarelli, J. Zhao, K.B. Rao, A. Kareem, Equivalent statistical quadratization and cubicization for
nonlinear systems, Journal of Engineering Mechanics 123 (1997) 512-523.

[13] W. Wedig, Power spectra of nonlinear dynamic systems—analysis via generalized Hermite polynomials, in:
P. Kree, W. Wedig (Eds.), Probabilistic Methods in Applied Physics, Lecture Notes in Physics, Vol. 451, Springer,
Berlin, 1995, pp. 310-326.

[14] G.Q. Cai, Y.K. Lin, Response spectral densities of strongly nonlinear systems under random excitation,
Probabilistic Engineering Mechanics 12 (1997) 41-47.

[15] S. Krenk, Y.K. Lin, F. Rudinger, Effective system properties and spectral density in random vibration with
parametric excitation, Journal of Applied Mechanics 69 (2002) 161-170.

[16] K. Ito, On a formula concerning stochastic differentials, Nagoya Mathematical Journal 3 (1951) 55-65.

[17] K. Ito, On stochastic differential equations, Memoirs of the American Mathematical Society 4 (1951) 289-302.

[18] S.T. Ariaratnam, T.K. Srikantaiah, Parametric instabilities in elastic structures under stochastic loading, Journal
of Structural Mechanics 6 (1978) 349-365.



	Non-linear systems of multiple degrees of freedom under both additive and multiplicative random excitations
	Introduction
	Analysis
	Examples
	A single-degree-of-freedom system with non-linear damping and stiffness
	A two-degree-of-freedom non-linear system with coupled multiplicative excitations
	A two-degree-of-freedom non-linear system with coupled damping and stiffness

	Concluding remarks
	Acknowledgements
	References


